Abstract-A realistic geometric model for the threedimensional capillary network geometry is used as a framework for studying the transport and consumption of oxygen in cardiac tissue. The nontree-like capillary network conforms to the available morphometric statistics and is supplied by a single arterial source and drains into a pair of venular sinks. We explore steady-state oxygen transport and consumption in the tissue using a mathematical model which accounts for advection in the vascular network, nonlinear binding of dissolved oxygen to hemoglobin and myoglobin, passive diffusion of freely dissolved and protein-bound oxygen, and MichaelisMenten consumption in the parenchymal tissue. The advection velocity field is found by solving the hemodynamic problem for flow throughout the network. The resulting system is described by a set of coupled nonlinear elliptic equations, which are solved using a finite-difference numerical approximation. We find that coupled advection and diffusion in the threedimensional system enhance the dispersion of oxygen in the tissue compared to the predictions of simplified axially distributed models, and that no ''lethal corner,'' or oxygen-deprived region occurs for physiologically reasonable values for flow and consumption. Concentrations of 0.5-1.0 mM myoglobin facilitate the transport of oxygen and thereby protect the tissue from hypoxia at levels near its p 50 , that is, when local oxygen consumption rates are close to those of delivery by flow and myoglobin-facilitated diffusion, a fairly narrow range.
INTRODUCTION
In a previous work 3 we presented a method for generating a realistic three-dimensional microvascular geometry model to be used as a framework for solving problems of physiological mass transport. The network structure results from randomly connecting a hexagonal arrangement of parallel capillaries with short perpendicular segments. By matching the network to anatomical measurements found in the literature we construct a model with morphometry statistically similar to physiological networks. We showed that the complex threedimensional structure of the network can have profound effects on the washout of diffusible substances and that simplified models introduce artifacts that have been misinterpreted in the past. Coupled advection and diffusion in the three-dimensional system result in enhanced dispersion of tracer in the axial direction.
This conclusion is similar to that of Schubert et al., 12, 22, 32 who reported that the effective axial diffusion coefficient required to reproduce measured tissue oxygen distributions is found to be an order of magnitude higher than the expected molecular diffusion coefficient of oxygen. Herein we extend our previous network model 3 to study oxygen transport. Understanding the transport of tracer water and tracer oxygen is important in interpreting the results of positron emission tomography experiments used to discover information related to local perfusion and metabolism in the myocardium. 6, 7, 20 Modeling change in flow and its effect on local bulk oxygen concentration is important in interpreting the physiological significance of bloodoxygenation-level dependent contrast magnetic resonance imaging 8, 23 and 17 O-nuclear magnetic resonance imaging 26, 42 of the working brain. Here we do not relate our modeling results to a specific experimental measure, but instead use the three-dimensional microvascular network model to study the theoretical effects of the network geometry on the transport of oxygen to the tissue.
Van der Ploeg et al. 41 point out that a weak point of the Krogh cylinder model is that it always predicts venous pO 2 to be lower than capillary pO 2 , while in experimental measures venous pO 2 can be equal to or slightly higher than average capillary pO 2 . The discrepancy arises from the fact that in a tissue, venules draining one portion of the capillary bed can be located quite near arterioles feeding an adjacent portion of the capillary bed, resulting in diffusional shunting of oxygen from arteriole to venule. This shunting cannot occur when Krogh cylinders are arranged as solitary, noninteracting blood-tissue exchange units. In fact, Van der Ploeg et al. 41 report that a simple compartment model reproduces observed data on oxygen distribution in the working heart more accurately than an axially distributed blood-tissue exchange model. Yet a more physically reasonable approach to this problem is to consider modeling microvascular systems distributed in three dimensions and to quantify the effects of interacting microvessels. Turek et al. 40 adopted the Krogh cylinder model to have a tissue radius that varies linearly along the vessel axis. This ''truncated cone model'' characterizes the apparently different capillary density observed in arterial and venular regions of cardiac tissue. But it is not clear that a cone is a more realistic functional unit of bloodtissue transport than a cylinder. While the observed variation in density can be taken as evidence that the myocardial capillary network does not consist of a symmetric system of parallel pipes, a cone model accounts only superficially for the variation in capillary density. The variation in density suggests that the complexity of the capillary network is not adequately captured by a model of a single capillary independently supplying a local piece of tissue.
In a pioneering study Popel et al. 27 demonstrated that heterogeneity of red blood cell ͑RBC͒ flux, variations in hematocrit ͑Hct͒ and in local RBC velocities and therefore in discharge hematocrits from capillaries contributed substantially to a heterogeneity in intratissue pO 2 . This elegant study, using a capillary tissue geometry similar to what we use later, showed pO 2 's that ranged several fold.
Hsu and Secomb 16 developed a Green's function method for simulating the steady-state oxygen distribution in a cuboidal region fed by a vascular network with an arbitrary geometry. An analytic expression of the Green's function for Poisson's equation ͑steady-state diffusion equation with constant consumption͒ with Neumann boundary conditions was used. The relative weights of all of the sources distributed along the vessel lengths were solved for iteratively, matching the concentration predicted by the Green's function method to the concentration predicted by the equations of local transport. This method has been applied to tissue supplied by realistic microvascular networks. 34, 35 The simulations predict a high degree of diffusive exchange between microvessels, with diffusive supply of oxygen by arterioles being more important than advective supply to capillaries. About 86% of the consumption in skeletal muscle is diffusively supplied by arterioles. 34 Much of that oxygen is taken up by neighboring capillaries and advected to downstream locations.
The appeal of the Green's function method is that it can be more efficient than a finite element or finite difference schemes. 34 Another approach to modeling steady-state oxygen exchange with a complex microvascular structure was introduced by Wieringa et al. 43 In their model the network consisted of a system of parallel, hexagonally spaced capillaries connected at regular intervals. This model has the advantage that instead of arbitrarily assigning flows to the vessels, flow is calculated based on a linear pressure-flow relationship. In order to ensure that the governing equations remained linear, hematocrit was held constant throughout the network. Once flows were calculated, the inhomogeneous advectiondiffusion problem was attacked using a finite difference method. The problem was simplified by not considering diffusion in the axial direction, considering advective transport in the cross connections to be instantaneous, not considering myoglobin facilitation, and by considering the relationship between hemoglobin saturation and oxygen concentration to be linear.
The method of Wieringa et al. 43 was constructed to take advantage of linear governing equations ͑constant consumption and linear oxyhemoglobin dissociation curve͒. Therefore, it cannot be applied to a problem involving nonlinear consumption in the tissue. Additional nonlinearities, like those that arise when the facilitated transport of oxygen by myoglobin is allowed, also had to be ignored.
Secomb et al. 33 modified the linear method of Hsu and Secomb 16 to consider nonlinear consumption associated with Michaelis-Menten kinetics. In doing so, the advantage of the Green's function approach over using finite-difference or finite-element grids is diminished because a volume grid of sources is used to account for nonlinearities. In addition, nonlinear effects of myoglobin-facilitated diffusion were considered by Secomb et al., 34 although the details of the methodology were not presented.
It is important to develop a more general solution method that can include nonlinear metabolic kinetics and myoglobin facilitation in the tissue, and can be applied to both steady-state and time-dependent transport problems. Here we use the microvascular geometry developed in Beard and Bassingthwaighte 3 and extend the finite difference method to treat the problem of steady-state oxygen distribution.
METHODS

The Network
The details of constructing the network geometry used in this study have been described previously. 3 This network geometry is illustrated in Figs. 1 and 2 , and is quantitatively in accord with data. 2, 18 Parallel to the z axis, 16 vessels are arranged hexagonally in periodic domain in the x -y plane ͑see Fig. 1͒ . These parallel ''axial'' vessels are connected with ''crossconnecting'' segments that link nearest-neighbor axial vessels at random locations throughout the network ͑see Fig. 2͒ . A source for arterial inflow occurs at zϭ500 m and the venular outflow sinks occurs at zϭ25 m and at zϭ975 m ͑see Fig. 2͒ .
The network geometry is considered to be periodic in the z direction, and therefore the zϭ1000 m position of each axial vessel is topologically connected to the zϭ0 m position. The network is considered to be periodic in the x and y directions by allowing crossconnections to occur across the dashed lines in Fig. 1 , for example between axial vessels number 1 and number 14. The three-dimensional structure of a realization of the network is rendered in Fig. 3 . Shown in the upper panel are the 16 axial vessels along with the associated crossconnecting segments. The lower panel shows a detail of the network.
A linear model is used to solve for the flows in the capillary network. Denoting the pressure at the ith node in the network by P i and the pressure at neighboring nodes by P j , we have the following flow conservation equation at each node:
where we assume that the conductivity of the vessel connecting the ith and jth node is inversely proportional to the length of the vessel, L i j . Summation in Eq. ͑1͒ implies summation over all neighboring nodes. The conservation law takes on a slightly different form at the arterial input node
where P in is the input pressure, L in-j is the length of the segment connecting the input node to the jth node and F in is the input flow. If we force the system by specify- ing F in , the pressures at the output nodes can be set to any arbitrary value and P in treated as an unknown. The normalized nodal pressure in Eqs. ͑1͒ and ͑2͒ has units of flow times length since these equations are normalized to constant diameter and blood viscosity. For the simulations reported here we use an arterial inflow of 1 ml min Ϫ1 per cubic centimeter of tissue, which corresponds to F in ϭ2.08ϫ10 5 m 3 s Ϫ1 for the computational volume described later.
This treatment of microvascular flow ignores local variations in vessel diameter and variations in hematocrit that arise at bifurcations. Vessel diameter and hematocrit are treated as constant ͑and hence, effective viscosity remains fixed͒, and therefore the earlier equations governing the flow distribution are linear and the constant vessel diameter and hematocrit do not influence the resulting flow distribution. We fix the output nodes at a common ͑arbitrary͒ ground pressure, force the system by specifying F in , and solve for the flow throughout the network.
Using more complex nonlinear hemodynamics equations-such as empirical effective viscosity and phase separation laws 29 -results in a quantitatively different but qualitatively similar flow distribution ͑results not shown͒. For the results described later we use the simple linear equations given earlier since the more complex treatment is not found to influence our main results or conclusions on oxygen transport in the tissue.
Advection, Diffusion, and Reaction of Oxygen in the Myocardium
Equations of Mass Transport. The system is composed of two regions, an advective region not consuming oxygen, capillaries containing hemoglobin, and a stagnant extravascular region, the tissues where there is oxygen consumption and facilitated diffusion of oxygen by myoglobin. ͑No interstitial space is modeled.͒ Mass transport by advection and diffusion in the capillary is governed by
where C T is the total ͑free plus bound͒ oxygen concentration
and ជ is velocity of the blood, C is the free oxygen concentration, C Hb is the hemoglobin concentration in a red cell, S Hb is the oxygen saturation of hemoglobin, D c is the free oxygen diffusion coefficient, H is the hematocrit, and x ជ indicates position. Consumption is not considered to occur inside the capillary. A factor of 4 appears multiplying the second term in Eq. ͑3͒ because each hemoglobin molecule contains four binding sites for oxygen. We consider the binding of oxygen to hemoglobin to be in equilibrium and to be governed by the Adair equation
where ␣ϭ0.00135 mM mm Hg Ϫ1 is the solubility coefficient of oxygen and a 1 ϭ0.01524, a 2 ϭ2.7 ϫ10 Ϫ6 , a 3 ϭ0 ͑for human͒, and a 4 ϭ2.7ϫ10 Ϫ6 . All concentrations (C, C Hb , and C T ͒ in Eq. ͑3͒ have units of moles per unit volume of blood. Thus erythrocytes are not explicitly modeled and the hemoglobin binding sites are assumed to be homogeneously distributed throughout the capillary. The model ignores the two-phase ͑erythrocyte and plasma phases͒ nature of the blood, and therefore the intraluminal resistance to oxygen transport, especially at low hematocrits, is underestimated. 9, 10, 14, 15 Yet the focus of this investigation is on the distribution of oxygen on the size scale of a network of several microvessels and not on the microscopic concentration profiles within microvessels. The discrete nature of erythrocytes, which is ignored by our continuum model, is assumed to have only secondary effects on the oxygen distribution on the size scale of the network/tissue system which we study, a reasonable assumption at normal hematocrits.
Transport outside of the capillary is governed by
where C Mb is the bulk tissue concentration of myoglobin, D Mb is the diffusion coefficient of myoglobin in the tissue, and G is the rate of oxygen consumption. Free oxygen is assumed to diffuse isotropically and homogeneously throughout the vessels and the tissue, with a continuous concentration across the vessel walls. Myoglobin, on the other hand, is restricted to the extravascu-lar region and a no-flux condition is imposed on S Mb at vessel walls. This simplistic two-region approach ignores the fact that the distance from the capillary blood to the Mb inside the cardiomyocytes is perhaps 0.3-0.5 m, namely the thickness of an endothelial cell plus that of the thin layer of ISF separating the endothelial cell from the myocyte. Here, the total oxygen concentration is given by
The binding of oxygen to myoglobin is considered to be governed by the two-state equilibrium expression
where C 50 is the free oxygen concentration at 50% saturation. The value for C 50 was taken as 2.5 Torr, slightly higher than the value of 2.39 Torr found by Schenkman et al. 30 for Mb in solution of pH 7.0 and 37 C, in the direction of lower pH or slightly higher temperature.
The kinetics of uptake of oxygen by cytochrome oxidase is modeled by Michaelis-Menten enzyme kinetics
where G max is the maximum rate of consumption and K m is the apparent Michaelis constant for oxygen conversion by cytochrome oxidase, and was taken to be 0.07 M or a p 50 of 0.052 mm Hg. (pO 2 , Torr, equals the O 2 concentration, molar, divided by ␣, the solubility of O 2 in water at 37 C, which is 1.35 M Torr
Ϫ1
.͒ Equation ͑9͒ gives a practically constant consumption when the pO 2 is higher than the C 50 for Mb since it is 35 times the K m ; consumption goes linearly to zero as the concentration gets small.
We consider a computational domain of cuboidal dimensions of 120ϫ120 (ͱ3/2)ϫ1000 m, on which we apply a finite-difference approximation using a hexagonal grid with resolution 5 m to solve the steady-state equations for oxygen transport. This grid resolution is sufficient for describing the concentration field on the size scale of our multicapillary network model, but does not resolve intracapillary radial concentration profiles. The numerical methodology and accuracy assessment are detailed in the Appendix. All of the parameters used for model simulations are listed in Table 1 .
RESULTS
Predicted Steady-State Concentrations
For solutions to the steady oxygen transport problem, a finite difference scheme is applied on a grid with 5 m resolution and 24ϫ24ϫ200ϭ115,200 nodes ͑see the Appendix for details͒. Solutions for the nonlinear oxygen transport problem were obtained on a Sun Sparcstation 5 in anywhere from about 10 to 100 min. The rate of convergence of the method depends on the minimum value of pO 2 predicted in the tissue. As the tissue become hypoxic, nonlinearities dominate and successive overrelaxation becomes unstable. So an accurate solution requires more iterations for higher levels of consumption.
Representative simulation results are illustrated in Fig.  4 for G max ϭ5 mol min Ϫ1 g Ϫ1 and C Mb ϭ0.5ϫ10 Ϫ3 M. Input free oxygen concentration is set to 0.135 mM ͑100 mm Hg͒. On the left side, oxygen tension is mapped in the x -y plane at zϭ0, 250, and 500 m using the color scale shown in the figure. The image on the right side depicts oxygen tension in a slice through the x -z plane.
The maximum concentration occurs near the arterial inflow at xϭ0 m and zϭ500 m. In the x -y slices, the vessel locations are apparent as local maxima in oxygen tension.
In Fig. 5 we compare the intravascular total oxygen concentration predicted by the three-dimensional network model to the total oxygen concentration predicted by an axially distributed model. Oxygen concentration in each axial vessel is plotted versus axial position along with the concentrations predicted by an axial model ͑for example, see Refs. 6 and 19͒. For the axially distributed model, the steady-state total oxygen concentration linearly decreases from the arterial end of the capillary to the venous end. We note that the intravascular concentration profiles predicted by the three-dimensional network model tend to decay in a manner similar to those predicted by the axial model, yet differ considerably from the straight lines predicted by the simpler model.
Concentration profiles in the tissue are shown in Fig.  6 . The thick solid line represents the mean tissue pO 2 in the x -y plane as a function of axial position. The maximum occurs near the arterial inflow ͑zϭ500 m͒. The dashed lines represent the mean Ϯ one standard deviation. The thin lines are the maximum and minimum values of pO 2 in the x -y plane at each axial position.
Effects of Increasing Oxygen Consumption
To calculate the probability density function of tissue oxygen tension, we generated ten independent realiza- tions of the random capillary network, and solved the steady oxygen transport equations for each realization for several different values of G max . It was found that ten realizations were sufficient for convergence of the density function. The results are summarized in Fig. 7 , where the probability density functions of tissue pO 2 predicted by the model are shown for G max ϭ3, 5, and 7 mol min Ϫ1 g
Ϫ1
. As G max increases the probability density function tends to retain its shape while shifting to the left along the pO 2 axis. When G max is high enough to induce hypoxia, consumption in the hypoxic regions decreases according to Eq. ͑9͒ and the shape of the distribution changes ͑long dashes, G max ϭ7 mol g Ϫ1 min Ϫ1 ͒.
Myoglobin Facilitation
We expect that hypoxia should, to some degree, be alleviated by the presence of myoglobin. The distribu- tions shown in Fig. 7 were calculated from ten realizations of the network using a fixed myoglobin concentration ͑C Mb ϭ0.5ϫ10 Ϫ3 M͒. In the upper panel of Fig In Fig. 9 , the minimum value of G/G max obtained in the tissue for a single realization of the network is plotted as a function of G max . The resulting sigmoidal curves are shifted to the right as myoglobin concentration is increased, indicating that myoglobin-facilitated transport does reduce hypoxia, but suggesting that it is effective only over a narrow range of consumption rates.
DISCUSSION
That the complex vascular geometry influences the transport of oxygen to tissues is well known. 28, 34, 43 Our modeling study of tracer transport in the microvasculature 3 revealed that the details of the geometry of the capillary network effects a profound influence on the kinetics of the transport of passive highly diffusible substances. In extending our microvascular network/ tissue model to study oxygen transport based on a finitedifference formulation, we have developed a convenient methodology for simulating steady-state oxygen delivery that considers nonlinear binding of oxygen to hemoglobin and myoglobin and nonlinear consumption of oxygen in the tissue. The modeling of the network is inexact, using averages: capillary diameters actually 1 range from 2.5 to 7.5 m with a mean and SD of 5.6Ϯ1.3 m in dog heart, but we used a fixed 5 m diameter for the modeling. The capillary density used here, 1333 capillaries per mm 2 , or 16 per 120 by 100 m cross section, is below the range of 3100-3800 capillaries per mm 2 cross section in dog hearts and therefore underestimates the effectiveness of Mb diffusion. Intercapillary distances average 18 m in heart and about 40 m in skeletal muscle; in our modeling analysis we used 30 m. So our example geometric arrangement is a worst case for heart muscle and is a little closer to skeletal muscle.
The studies of Popel et al. 27 used 51 m intercapillary distances compared to our 30 m; they did not consider the contribution of Mb. Their source of heterogeneity in the oxygen delivery was probabilistic variation in both inflow pO 2 and RBC flux, due to variation in hematocrit and oxygen loss in the upstream arterioles. We have modeled neither of these sources of variation but limited ourselves to the consideration of variation in velocities within capillaries and in path lengths taken by the blood in a heterogeneously connected network. While their distributions of pO 2 are not too different from ours, we cannot conclude that one approach confirms or denies the other. A more complete consideration of the problem would combine these approaches.
Most previous modeling studies of oxygen transport in complex vascular networks have relied on some linearization of the governing equations. In general, one or more of the following simplifying assumptions has been made: ͑1͒ treatment of the oxyhemoglobin dissociation curve as linear; ͑2͒ treatment of oxygen consumption using either first or zeroth order kinetics; and ͑3͒ ignoring myoglobin facilitated transport. None of these assumptions are valid for the full range of physiologically reasonable flows and consumption.
The recent work of Goldman and Popel, 13 on the other hand, is more or less complete in the sense that none of these simplifications is applied. In fact, the Goldman and Popel 13 method is more sophisticated than ours because luminal resistance is treated explicitly and it can be applied to more arbitrary vascular anatomies.
It is apparent from Fig. 5 that the steady-state oxygen concentration predicted by the three-dimensional model is more closely approximated by an axially distributed model than by a well-mixed compartment model. This is because a substantial fraction of the oxygen content of blood is extracted as it passes through the microcirculation. The trend for oxygen content to decrease more or less linearly from arteriole to venule is captured by axially distributed models such as that of Li et al. The degree of facilitation provided by myoglobin is a function of the diffusion distance and of consumption. Fletcher 11 demonstrated, in a model for skeletal muscle using a single capillary-tissue domain with a radius of 30 m, that the facilitation was maximal in the periphery where the pO 2 is in the neighborhood of the p 50 of myoglobin for oxygen, and depends therefore on the local consumption of O 2 relative to its delivery by diffusion. At higher consumptions the role of Mb will be more important.
It is clear from Fig. 8 that myoglobin can have a significant influence on oxygen transport in our model geometry. With no myoglobin present, oxygen concentration drops well below K m at a G max ϭ7.6 mol min Ϫ1 g Ϫ1 for a flow of 1.0 ml min Ϫ1 g Ϫ1 , yet the presence of myoglobin relieves the hypoxia. Since the value of consumption at which a region in the tissue becomes hypoxic depends on the flow and on the exact microvascular geometry, the specific value of G max ϭ7.6 mol min Ϫ1 g Ϫ1 is not of critical importance. It is an important interpretation that a reasonable concentration of myoglobin can bring the tissue out of hypoxia and raise the free oxygen concentration to a healthy level even though the D Mb of 2.2ϫ10 Ϫ7 cm 2 s Ϫ1 is about two orders of magnitude smaller than the tissue diffusion coefficient for free oxygen. This intracellular diffusion coefficient is difficult to estimate precisely in vivo; our chosen value is higher than the 1.7ϫ10 Ϫ7 cm 2 s Ϫ1 observed by Jürgens et al. 17 in rat diaphragm and lower than the 2.7ϫ10 Ϫ7 cm 2 s Ϫ1 estimated in rat muscle homogenate by Moll. 21 Our computer profiles exhibit myoglobin saturation levels similar to those observed in dog hearts by Schenkman et al. 31 Yet from Fig. 9 it is apparent that the range of metabolic consumption over which myoglobin facilitation can really prevent hypoxia is fairly narrow. The relatively high estimate of C Mb ϭ1.0 mM results in an increase in the maximum supportable G max of less than 10%. These results indicate that metabolic kinetics must be precisely tuned to the effective operating range to take advantage of myoglobin as a transporter of oxygen. An alternative hypothesis to this rather unlikely scenario is that myoglobin acts as an oxygen storage buffer. 24 Assuming C Mb ϭ0.5 mM and G max ϭ7.6 mol min Ϫ1 g Ϫ1 , myoglobin-bound oxygen stores would be depleted in about 6 s. Thus, the time scale of effective myoglobin buffering is similar to the time scale of a few heart beats. Perhaps some combination of myoglobin-facilitated transport and myoglobin buffering is responsible for maintaining tissue oxygen concentrations during the temporary decrease in endocardial perfusion realized during systole. This hypothesis can be investigated by incorporating time-dependent behavior into the model.
Takahashi et al. [37] [38] [39] have studied oxygen uptake and consumption in isolated rate cardiomyocytes by spectrophotometrically measuring myoglobin saturation and mitochondrial NAD͑P͒H levels at intracellular resolution. They find that when significant gradients in S Mb exist-at relatively low extracellular O 2 concentration ͑10-30 mm Hg͒-oxygen supply and consumption can be suppressed by inhibiting myoglobin facilitation with MaNO 2 . Note that this experiment 39 was deliberately carried out with the system parameters set in the ͑possibly narrow͒ range where gradients in S Mb exist and myoglobin-facilitated transport is expected to be near maximal. As Takahashi et al. 39 point out, it remains to be seen whether a similar state is achieved in the myocardium in vivo. As we have shown, calculations based on our model geometry show that even at artificially high levels of intracellular myoglobin concentration myoglobin acts as a significant carrier of oxygen only over a narrow range of metabolic consumption.
A possibly important factor ignored in our model and in most state-of-the-art mathematical models of oxygen transport in tissue is the heterogeneous distribution of oxygen consumption due to variations in the density of mitochondria within the myocyte. Because mitochondria are preferentially distributed near cell surfaces as well as around the bundles of contractile proteins, the local gradients in cytosolic oxygen concentration near the membrane of a mitochondrion may be larger than those predicted by homogeneous consumption models. Thus, the discrete positioning of the mitochondria undoubtedly steepens the local gradients for oxygen transport and therefore the role of myoglobin-facilitated transport must be at least a little greater than that predicted by the present model.
APPENDIX: NUMERICAL METHODS
Finding the Steady State
Since the axially aligned vessels are hexagonally spaced in the model, it is reasonable to use a numerical scheme which employs a hexagonal grid in the x -y plane ͑see Fig. 10͒ . In the left panel of Fig. 10 the positions of the axial vessels are denoted by solid circles.
Notation used for the numerical method is illustrated in the right panel of Fig. 10 . Consider a node in the tissue to have concentration C. The six surrounding nodes in the x -y plane are denoted by C 1 -C 6 . Nodes are separated by the step size, h. We denote the neighboring concentration in the positive z direction by C 7 and the neighboring concentration in the negative z direction by C 8 . A numerical approximation to the Laplacian operator on the mesh is given later and denoted by
Using this approximation, Eq. ͑3͒ can be discretized for the steady state as follows:
where the hemoglobin saturation at a given node is denoted by S Hb . Then the neighboring values of saturation are denoted by S Hb1 -S Hb8 in the same manner as the neighboring free oxygen concentrations were defined. We have defined k i as the plasma flow per unit volume entering from the ith node and k ei is the red cell flow per unit volume entering from the ith node. Note that the k i will be nonzero only when the ith node corresponds to an upstream vessel location. Since most of the oxygen in the blood is bound to hemoglobin, and the saturation varies nonlinearly with oxygen concentration, total oxygen concentration ͑free concentration plus bound concentration͒ tends to vary more smoothly than free oxygen concentration in a vessel. By posing the finite volume scheme in the vessels in terms of total oxygen concentration instead of free oxygen concentration, the stability of the problem is improved. Rewriting Eq. ͑11͒ in terms of C T , we get
͑12͒
where
and H is the hematocrit in the vessel. We discretize Eq. ͑6͒ for the steady state as follows:
where S Mb is the myoglobin saturation at a given node and the myoglobin saturation values in the eight surrounding nodes are denoted by S Mb1 -S Mb8 . We impose the no-flux boundary to myoglobin diffusion at the vessel wall by setting S Mbi ϭS Mb when the ith node corresponds to a capillary. Before attempting to solve Eqs. ͑12͒ and ͑14͒ it is useful to nondimensionalize the equations. We can rewrite Eqs. ͑12͒ and ͑14͒ as
after making the following definitions:
ϭS Mb C Mb /C in , ͑17b͒
where C in is the concentration of free oxygen in the arterial input. We solve Eqs. ͑15͒ and ͑16͒ by initially setting ϭ1 everywhere in the tissue and ⌽ϭ1 ϩ4C Hb H/C in in every vessel and iteratively determining better approximations to and ⌽ at each of the grid points as outlined later.
Oxygen Concentration in the Tissue. Equation ͑16͒ reduces to a quadratic equation in that allows us to solve for as a function of its neighboring concentrations. For a linear equation this would be equivalent to taking a Gauss-Seidel iteration step 36 and we denote this estimate by GS . Successively choosing the Gauss-Seidel estimate does not always converge for this nonlinear problem so we modify our choice for the estimate of ͗nϩ1͘ ͓estimate at the (nϩ1)th iteration͔ by
where 1 is some constant. Then we can calculate an estimate of at the (nϩ1)th iteration by
where C 50 is the oxygen concentration at 50% myoglobin saturation.
To efficiently converge to a solution, we must make an appropriate choice of 1 . For symmetric linear systems it can be shown that 1 must be less than 2 for convergence. 36 In this case the system is not symmetric because of the convective terms ͓in Eq. ͑15͔͒ in the vessels and is not linear because of the nonlinear consumption and binding to myoglobin. Even so, Eq. ͑16͒ is approximately linear for high values of and converges for 1 Ϸ1.6 when ӷD and ӷC 50 /C in . When is of the same order of magnitude as D or C 50 /C in nonlinearities become more important and we find that 1 must be smaller than 1 to get stable behavior. The value of 1 depends on the minimum value of for a particular solution.
Since we would like to set 1 as high as possible to converge as quickly as possible, we start with the relatively high choice of 1 ϭ1.6 and adjust this value as the computation proceeds and the global minimum of is reduced. In fact, Eq. ͑18͒ tells us when our current choice of 1 is too high by predicting a negative value of . When this happens 1 is modified according to Eq. ͑20͒ and the computation associated with the nth step is repeated:
Oxygen Concentration in the Vessels. Inside the vessel it is found that nonlinearities dominate and we find that we need to use under relaxation to get convergence. Once we have completed the calculation of ͗nϩ1͘ in the tissue, we can construct a linear system of equations for the total oxygen concentration in the vessel using Eq. ͑15͒. If we call the first guess as the total oxygen concentration ⌽ G ͗nϩ1͘ , then we get
ͪ .
͑21͒
An iterative scheme similar to that used in the tissue is applied
In this case convergence is achieved only if 2 is less than about 0.025. Typically, convergence requires about 500 iterations. Once a new estimate of ⌽ T ͗nϩ1͘ is calculated from Eq. ͑22͒, ͗vϩ1͘ , the nondimensional free oxygen concentration is found by solving Eq. ͑17d͒ for ͗vϩ1͘ where the hemoglobin saturation is given by the Adair equation ͓Eq. ͑5͔͒.
Numerical Accuracy
The accuracy of the numerical method is assessed by studying the one-dimensional steady-state reactiondiffusion system described by
over the interval 0ϽxϽL, with Dirichlet boundary conditions C͑0 ͒ϭC͑ L ͒ϭC 0 . ͑24͒
We study this one-dimensional problem because it allows us to refine the numerical method to greater reso- 
